The main objective is to investigate analytically the elastic interactive buckling strength and the post-buckling behavior of a simply supported panel subjected to combined loading of bending and shear. Special attention is paid to the effect of unequal end moments at both-side of a panel, which appear in the actual girder structures. The buckling modes are found to be governed mostly by the shear buckling mode. A simpleform formula to predict the buckling coefficients under combined unequal end moments and shear is proposed for the practical use. Moreover, the elastic post-buckling behavior and stress distribution are also discussed.
INTRODUCTION
A large amount of experimental and theoretical works have been carried out to investigate the behavior of panels in a plate girder subjected to shear forces and bending moments, and many useful findings have been accumulated. Although it is possible in the actual girder structures that a girder section is subjected to bending moment alone, the pure shear loading state never exists, because the shear force in a beam theory is equilibrated with the rate of change of the bending moment distribution. In other words, the existence of shear forces essentially requires non-uniform bending moment distribution in the longitudinal direction. Thus, most of the panels in the real plate girder structures are usually subjected to combined loading of bending moments and shear forces. Therefore, the true strength of plate girder must be discussed under these combined loading conditions.
Stein, Chwalla2, Timoshenko3 and Way4 have presented the interactive buckling strength diagrams of a simply supported panel, but they are limited to apply for the cases of the equal end moments and shear forces. This unrealistic but simple loading condition is employed probably for a conservative estimate. Another researchers5>-9) carried out the buckling analysis of web panels under different loading conditions and boundary conditions.
On the other hand, Radulovic 10 plate girder webs with unequal end moments and shear forces has not been evaluated sufficiently yet. In addition, the investigation of the post-buckling behavior of a panel subjected to such a loading does not exist at all. The main purpose of this study is to investigate analytically both the elastic buckling strength and post-buckling behavior of a web panel. Special attention is paid to the effect of the realistic combined loading of bending and shear in the actual plate girders. This analysis includes the combined case of pure bending and pure shear in order to compare with the case of unequal bending and shear. Moreover, the elastic postbuckling behavior, the stress distributions, and the principal stress distributions are discussed.
BUCKLING ANALYSIS OF A PANEL SUBJECTED TO COMBINED UN-EQUAL BENDING AND SHEAR
(1) Governing equations for buckling analysis and critical moment For the buckling analysis of a flat plate, it may be straightforward to examine the incremental changes of the strain energy and external work at a critical state when the plate is subjected to the inplane stresses. Let w (x, y) denote the out-of-plane incremental deflections of the middle plane at buckling. Then, the incremental strain energy d U induced by the bending of plates and the incremental external work d T done by the preexisting stress components in the middle plane can be expressed in the following form16>
(1-a) (1-b) where t and D=Et3/12 (1-v2) are the plate thickness and the flexural rigidity of the plate, respectively. E is Young's modulus and v is Poisson's ratio. a (x, y), 6r (x, y) and vx (x, y) are the in-plane stress components and are treated as applied forces. These stress components are related to the Airy stress function F (x, y) as (3) where m and n are the number of half-waves in the x-and y-direction, and bmn are unknown coefficients to be determined.
The stress function F (x, y) must be determined to satisfy the actual combined loading condition of the unequal end moments and shear along edges. We here consider a problem in which the plate is subjected to pure shearing stress and unequal bending moments Mi and M2 at both sides as shown in Fig. 1 . Then, the mechanical boundary conditions given by the stress resultant forces can he exnreccecl ac in which non-dimensional parameters (6) are introduced to express the applied loading ratios, where 6. x2 is the maximum normal fiber stress at the right-hand-side edge. These parameters are not independent in the actual plate girder, and this relation is given by w=(1-r) TA/a, where TA is the ratio of cross-sectional area of flange plate Af and web panel; i. e. TA=Af/(bt). a is the aspect ratio defined by a=a/b. Although w is the dependent parameter with r as mentioned above, we adopt this one in order to cover the general cases including the conventional loading of pure bending and pure shear. Note that the substitution of Eq. (5) into Eq. (2-c) yields the parabolic distribution of the shear stress component along x=O, a as shown in Fig. 1 . Substitution of Eq. (3) into Eq. (1-a) yields (7) Similarly, by substituting Eqs. (2) and (3) into Eq.
(1-b) using Eq. (5), we finally obtained
where a prime on indicates that the summation of i and j are taken only when (m+Z) or (n+j) is odd.
The out-of-plane equilibrium condition requires that the incremental potential energy (d U-dT) becomes stationary for given M2. Therefore, all derivatives of (dU-dT) with respect to all bmn's must vanish. As a result, the governing equations for the buckling analysis are obtained as for m, n=1, 2, 3 (9) where A2cr is the non-dimensional critical moment defined by (M2) cr 2 2cr=D (10) Since Eq. (9) is a system of homogeneous equations for bmn, the ordinary eigenvalue analysis for a non-trivial solution of bmn's determines the critical moment.
(2) Critical stresses From the critical moment obtained in the preceding section, one can define the critical normal stress by the maximum value of o as (11) Let acr* denote the critical stress in pure bending, and from Eqs. (6) and (11) (r=1, w=0)
In the next section, the buckling strength will be examined in terms of the non-dimensional critical stress using Eq. (12); i. e. 62cr/6cr*. It may be straightforward to define the critical shear stress by the critical value of Ta from Eq. (6); i. e. (13) However, Eq. (13) does not take the effect of nonuniform bending moment into account. As is clear from substitution of Eq. (5) into Eq. (2-c), the shear stress distributes parabolically in the ydirection. This represents the shear component induced by the different end moments in a beam theory. Since the shear stress distribution in plate girder structures is calculated including this effect of non-uniform bending moment, it is reasonable to define the critical shear stress not by Eq. (13) but by the average shear stress acting along the y-axis as (14) While the second term of Eq. (14) coincides with Eq. (13) and corresponds to the pure shearing part of the shear stress, the first term is the component which is in balance with non-uniform bending moment. Similarly to the normal critical stress, the shear stress is expressed in non-dimensional form by using the pure shear critical stress zcr* defined by Tcr*-(Ta) cr
or WA2cr-6D (15) in the next section.
(3) Interactive buckling strength diagram
The buckling analysis of Eq. (9) is carried out for extensive combination of parameters. In the calculations, only the first 4 terms of each series are used basing on the examination of the convergency check. Fig. 2 (a)-(d) show typical interactive buckling strength diagrams. In these figures, coordinates are the non-dimensional critical stresses defined in the preceding section. As is clear from definitions in Eq. (6), r is the ratio of end moments, and w denotes the ratio of the applied shear stress and the bending fiber stress.
In Fig. 2 (a) , when r 0. 0, interaction curves become almost straight in both diagrams in terms of za and zav. This tendency holds for other values of aspect ratio a, because the shear force governs the buckling strength most in this range of r. It can be also seen from the figures that the curve for r= 0. 0 lies in the conservative side of all the critical states for r < 0, if the interaction curves are plotted in terms of v5, Therefore, in the following discussions, r is limited within the range of 0. 0 s r S 1. 0. As a matter of fact, the actual range of parameters in the real plate girder structures may be O. OSrs1. 0 and O. OSWs27A when az 0.5.
In the figures using (ra)cy, for smaller w, namely the bending moment is relatively dominant, the larger buckling strength is obtained. Moreover, the larger the difference o end moments becomes the higher the interactive buckling strength becomes. Therefore, the conventional equation 17-9 shown by a dashed curve in the figures leads to a much more conservative design if the bending is larger than shear. On the contrary, for larger w, namely when the shear force is relatively dominant, the interactive buckling strength becomes lower than the cases of the equal end moments owing to the secondary shear stresses induced by the increase of moment gradient. The larger difference of end moments yields the lower interactive buckling strength than the conventional equation. Therefore, we can not express the actual interactive buckling strength by the conventional equation using (za) cr.
On the other hand, if the critical shear stress is adjusted by zav including the effect of unequal moments, the conventional circular curve almost lies in the conservative side of the critical buckling strength. The effect of unequal moments is taken (17) At first, the original curves in Fig. 3 are redrawn approximately by the smooth envelopes. These envelopes are then regressed in the form of Eq. (17) to obtain the coefficients a1 and a2 as tabulated in Table 1 in which a1 0 and a2 0 must be kept in both cases. The numerals in [a] give the correlation coefficients. The effective range of x, w and a in the above equations are 0 S r S 1. 0, 0 S w S 4. 0 and 0. 5 S a s 3. 0, respectively. The estimated buckling coefficients k2 by Eqs. (17) and (18) are also shown in Fig. 3 by the dashed curves. These curves can estimate the actual buckling coefficients fairly well, but unconservative estimation occurs in some cases. However, these errors can be diminished by the choice of the higher-order polynomials.
Furthermore, Fig. 4 shows the relationships between the normalized buckling mode bmn and w. The case of w=00 corresponds to the pure shear condition, and the case of w=0 to the bending with no external shear forces. Each mode approaches rapidly to that of pure shear buckling mode as w becomes large. Therefore, the interactive buckling phenomena is governed mostly by the shear even when the bending moments are acting.
POST-BUCKLING BEHAVIOR OF A PANEL UNDER COMBINED LOADING (1) Analytical solution of Marguerre's equation
Marguerre's equations 21 for the plate bending with relatively large deflection are expressed in terms of the out-of-plane deflection w (x, y), initial deflection wo (x, y) and stress function F (x, y) as 
34(16S)
Substituting Eqs. (20) and (21) into Eq. (19-b) , we obtain the expression of pg22) in terms of amn and bmn as +bmnbz+{2mnij(m2j2+n2i2)} 
where pq's are zero when p<0 or q<0, and the following non-dimensional expressions are introduced (2-) Then the parameters in Eq. (6) can be rewritten as (25-b) Eq. (24) In the series above, the first five terms are used in this iterative calculation. This choice yields less than 1 % difference in deflection and 9 % error locally in maximum stress from those results obtained by using seven terms. Load increment is set 1. 0 X M2/D in order to avoid the numerical instability and adjusted to be 0. 5 X M2/D if necessary. Fig. 5 shows typical load-deflection curves after buckling when w0=0. The deflection is calculated at a point, x=0. 35a and y=0.70b, indicated by a dot in the inset of the figure. After buckling, the out-of-plane deformation begins to develop, but the deflection paths are smooth. Fig. 6 also shows similar curves for a different set of parameters, but a jump is observed when w=0.1333. There exists an instability point25) on this path beyond the buckling load, and further investigations are required for complete understanding.
Typical deformed configurations are shown in Fig. 7 with those in the case of the pure bending and pure shear loading. In the case of combined loading, deformed configuration is composed of the mixed mode of bending and shear, and is greatly affected by the parameters a, r and w. Fig. 8 depicts the distributions of the stress components a, a and z along the several sections inside the panel. These stresses are normalized by the tensile yield stress 6y=235 MN/m2 to evaluate what extent the nonlinearity of stress distribution appear before the yielding of material. The bending stress a no longer distributes linearly after buckling, and the stress redistribution occurs in the upper half depth of the section where the compressive stresses are acting in advance of the yielding. Since this analysis is limited for a web panel, the effect of flanges may cause somewhat different stress distribution in the actual plate girders.
The transverse stress component becomes larger after buckling, and becomes in the same order of magnitude of the other stress components. The shear stress always satisfies the mechanical boundary condition, but varies inside the panel as shown in Fig. 8 (c) . Fig. 9 shows the development of the principal stresses at the center of a panel (x=0. 5a, y=0. 5b) While the tensile principal stresses increase monotonically, the compressive principal stresses increase up to the buckling load and then decreases its slope. In both cases of a=0. 75 and w=0. 133 or a=1.25 and w=0.5, somewhat different behavior is observed ; i. e. the curve is non-smooth when the larger bending moment is applied. There again might exist an instability point like in Fig. 8 .
The principal stress distribution for the case of a =1.25, r=0. 6 w=0.5 and M2/D=50 is repre- sented in Fig. 10 . Since the compressive principal stresses are concentrated near the joint region between the compressive flange and the web plate due to the stress redistribution after buckling, the yielding will generally be initiated at this portion. Furthermore, the so-called gusset plate action is observed in the upper corner region of the lefthand-side on which the smaller end moment Mi is applied. Namely, larger compressive principal stresses co-exist with the tensile ones in this corner.
CONCLUSION
In order to examine the realistic behavior of a panel subjected to the combined unequal bending and shear in the actual plate girder structures, an Airy's stress function is derived, and the buckling strength and post-buckling behavior is investigated semi-analytically.
(1) When the applied shear stress is correctly evaluated by Tay including the effect of unequal moments, the conventional interaction formula almost gives the conservative buckling strength. Therefore, it is suggested that the applied shear stress should be always defined by Tay for the interactive buckling strength. Moreover, a simpleform formula to predict more exact buckling coefficients under combined unequal bending and shear is presented.
(2) In the most interactive buckling phenomena, the shear mode is dominant. Each mode approaches rapidly to the pure shear buckling mode as w becomes large. The out-of-plane deflection after such a buckling is composed of the mixed mode of bending and shear.
(3) After buckling, the bending stress distributions cr show the lack of compressive stresses in the upper part of the panel depth due to the redistribution effect. The shear stress z always satisfies the mechanical boundary conditions at the boundary and shows a little disturbed distributions inside the panel. On the other hand, the transverse stress 6 emerges after buckling and can not be neglected any more.
(4) The principal stress distribution shows the stress concentration near the joint region between the compressive flange and the web plate, which will cause the initiation of yielding. The gusset plate action is also recognized in the corner region.
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